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Abstract—This paper presents the linearised small-signal dy-
namic modelling of hydroelectric turbine-generator (TG) unit
with CIGRE first high-voltage direct current (HVDC) benchmark
system in the synchronously rotating D-Q reference frame for
small-signal stability analysis. The interaction behaviour between
the hydroelectric unit and the dynamics and control of HVDC
system is investigated utilising eigen-analysis, participation factor
analysis and by conducting sensitivity studies. The computation
of eigenvalues and eigenvectors for small signal stability analysis
provides an invaluable insight onto the power system dynamic
behaviour by characterising the damping and frequency of the
system oscillatory modes. The consequences of different operating
conditions, such as active and reactive power variations, the
variation of generator-to-turbine inertia ratio, as well as the
changes of HVDC constant current controller parameters on
small-signal system stability are investigated.
I. INTRODUCTION
Since the 1920s, power system stability has been a vital
aspect of secure system operation [1]. System stability is
defined as the ability of a power system, for a given initial
operating condition, to regain a state of operating equilibrium
after being subjected to a disturbance [1], [2]. A system is said
to be small signal stable if the power system is able to remain
in synchronism under small disturbances. A disturbance is
considered to be small if the linearisation of the equations that
depict the corresponding response of the system is permitted
for the purpose of analysis [2], [3].
The small signal stability issue generally occurs due to
inadequate damping of power system oscillations [2]. The
dynamic characteristics of the power system can be determined
from small-signal analysis using linearisation approaches, and
damping controllers can be designed based on the information
provided on system oscillatory modes.
The formulation of the linearised small-signal state space
model of the integrated AC-DC systems can be established
by linearising each power system components individually,
transforming input-output variables into common reference
frames, and establishing interaction relationship between dif-
ferent power system components [4]. The developed lin-
earised dynamic model is used to analyse the interaction
behaviour between the hydroelectric unit and HVDC link
by manipulating the operating conditions, generator-to-turbine
inertia ratio and controller parameters; the consequences of
such variations are depicted in the eigenvalue trajectories.
Eigenvalue analysis is used to identify the stability modes
and damping characteristics of the integrated system. The
dominant modes will be used to identify system stability limit
for different operating conditions, generator-to-turbine inertia
ratio and HVDC constant current controller parameters.
For power system analysis, the electrical network is nor-
mally represented by means of algebraic-equations in which
inductances and capacitances are represented by their admit-
tance at fundamental frequency. The dynamic representation of
the electrical network based on linearised differential equations
incorporated with linearised dynamic models of hydroelectric
unit and HVDC system is applicable for the investigation
of the high-frequency modes. The subsynchronous torsional
interaction (SSTI) between turbine-generator torsional modes
and the fast acting constant current controller of HVDC system
may occur at high-frequency. The integrated linearised small-
signal dynamic system developed in this paper has included
the dynamic representation of shaft model, which allows the
investigation of SSTI phenomena.
The small signal stability analysis of HVDC and static var
compensators with their controllers has been addressed in [5].
Three different modelling approaches for CIGRE first HVDC
benchmark model, namely linear-continuous-detailed model,
linear-continuous-simplified model and linear discrete system
model have been presented in [6]. The development of a linear
continuous time state model of the small-signal dynamics of a
HVDC system using modularisation techniques is detailed in
[4]. A parallel ac-dc power system has been represented with
reference to a rotor rotating reference frame in [7] and the
capabilities and limitation of the analog computer in providing
solutions to electromechanical problems have been outlined in
[8]. Linearised modelling of turbine-generator shaft dynamics
and HVDC system has been presented in [9] and [10] for
subsynchronous oscillation analysis.
The main purpose of this paper is to present the modelling
techniques, which depict the dynamic characteristics of hydro-
electric turbine-generator (TG) unit and HVDC systems using
linearised state space models. This allows the investigation of
the small-signal stability aspects associated with the control
interaction between the hydroelectric unit and the HVDC
system at higher frequencies, using eigen-analysis. The paper
is structured as follows. Section II illustrates the analytical
methodologies for small signal stability analysis. Section III
describes the mathematical modelling of the hydroelectric unit
and HVDC system, which includes detailed representation
of governor, turbine, exciter, power system stabiliser (PSS),
torsional shaft model, AC filter, electrical system, converter
system and current controller. Section IV elaborates the in-
tegrated study system involving hydroelectric power system
and CIGRE first HVDC benchmark model and simulation
results are presented by applying small disturbances to the
study system. The paper is concluded in section V.
II. SMALL-SIGNAL STABILITY ANALYSIS
This section elaborates the small signal stability analysis
of a power system when subjected to small disturbances.
Analytical methodologies used to determine the small signal
stability are eigenanalysis, participation factors analysis and
sensitivity analysis. Eigen properties such as damping ratio
and oscillation frequency associated with system modes are
revealed as well.
A. Eigenanalysis
The eigenvalues of the system are the values of λ that fulfil
the characteristic equation of system matrix Asys:
det(λI −Asys) = 0 (1)
The analysis of the eigen properties in matrix Asys reveals
vital information on the system stability characteristics. A
pair of eigenvalues is represented as λ = σ ± jω, where
its oscillation frequency and damping ratio are established as
f = ω2π and ζ =
−σ√
σ2+ω2
respectively. System stability can
be guaranteed if all the system eigenvalues lie onto left-half
plane, i.e. Re(λi) < 0 for all i [2], [3].
B. Participation Factor Analysis
Participation matrix, which combines both left and right
eigenvectors, is a non-dimensional scalar that measures the
correlation between the state variables and the modes of
a linear system. It implies the relative involvements of the
respective states in the corresponding modes. This is described
as [2], [3]:
P = [p1, p2 . . . pn] (2)
with pi = [p1i, p2i . . . pni]T = [φ1iψi1, φ2iψi2 . . . φniψin]T
where, φki = k
th entry of the right eigenvector φi; and ψik =
kth entry of the left eigenvector ψi.
φki evaluates the activity of the k
th state variable in the ith
mode, while ψik weighs the contribution of this activity to the
mode [2].
III. LINEARISED STATE SPACE MODELS OF
HYDROELECTRIC TURBINE-GENERATOR AND HVDC LINK
The formulation of the linearised state space model for
the integrated system involves linearisation of each subsys-
tem, transformation of input-output variables into common
reference frames, and interconnection of the subsystems [4].
Similar techniques have been employed in this paper for
formulation of the system state equations. Integration of the
subsystems can be carried out as the input-output of a sub-
system can be the output-input of another subsystem. Note
that the Park’s components fdq and the Kron’s components
fDQ will be used conventionally throughout the paper, where
f can be any variable. Subscripts dq and DQ are used to
denote variables in rotor and synchronous reference frames,
respectively.
A. Modelling of Hydroelectric Turbine-Generator
A three-phase salient pole synchronous machine, with its
equivalent circuits of dq-axes as shown in Fig. 1, is mod-
elled to represent the hydroelectric TG unit. The established
linearised machine model has the following state-space repre-
sentation:
Δẋhydro = [Ahydro] Δxhydro + [Bhydro1] ΔEfd
+ [Bhydro2] Δuhydro (3)
Δyhydro = [Chydro] Δxhydro (4)
where, Δxhydro = [Δψd Δψq Δψfd Δψkd Δψkq]
T
, Δuhydro
= [Δvd Δvq]
T
, Δyhydro = [Δid Δiq]
T
, Ahydro, Bhydro and
Chydro are the state, control or input and output matrices
respectively for a hydro unit. Efd is the field voltage, ψd and
ψq are the stator flux linkages per second, ψfd, ψkd and ψkq
are rotor flux linkages per second for a field winding and
damper windings repectively, vdq and idq are voltages and
currents in dq reference frame respectively.
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Fig. 1. Equivalent circuits of dq-axes for hydroelectric unit
B. Modelling of Mechanical System
The linearised model of the hydroelectric torsional shaft
system is represented based on a mass-spring-damping model
as follows:
Δẋshaft = [Ashaft]Δxshaft + [Bshaft]Δushaft (5)
Δyshaft = [Cshaft]Δxshaft (6)
where, Δxshaft = [Δωgen Δωtur Δδgen Δδtur]T , Δyshaft =
[Δωgen Δδgen]T , Δushaft = [ΔPm ΔPe]T , Ashaft, Bshaft,
Cshaft are the state, control or input and output matrices
respectively for the mechanical system. ω and δ are the rotor
speed and angle. Pm and Pe are the mechanical and electrical
powers respectively. Subscripts ‘gen’ and ‘tur’ represent
generator and turbine respectively.
C. Modelling of Electrical System
The linearised representation of the excitation system (ex-
citer and PSS) and governor-turbine can be expressed as:
Δẋe = [Ae]Δxe + [Be]Δue (7)
Δye = [Ce]Δxe + [De]Δue (8)
where, xe, ye, ue are the state, output and input vectors of the
excitation and governor-turbine system, Ae, Be, Ce and De
are the state, control or input, output and feedforward matrices
respectively for the excitation and governor-turbine system.
The AC side filters can be represented in terms of a shunt ca-
pacitor with reactance XCfilter. The state space representation
of the rectifier side AC system (in terms of DQ components
of different variables) can be expressed as follows:
ΔẋN = [AN ]ΔxN + [BN ]ΔuN (9)
ΔyN = [CN ]ΔxN (10)
where, ΔxN = [ΔvD ΔvQ]T , ΔyN = [ΔvD ΔvQ]T ,
ΔuN = [ΔiD ΔiQ ΔihvdcD ΔihvdcQ]T , AN , BN , CN are the
state, control or input and output matrices respectively for the
electrical system. vD, vQ are the bus voltages represented in
DQ reference frame at the rectifier ac side, iDQ and ihvdcDQ
are generator and HVDC currents in DQ reference frame
respectively.
The currents iCDQ flowing through the ac filter at rectifier
side are decided by the power system components connected
to the bus. Hydroelectric unit is connected directly to the bus,
and a HVDC link as well in this study system. Thus, generator
and HVDC currents are the inputs to the system.
ΔiCDQ = ΔiDQ −ΔihvdcDQ (11)
D. Modelling of HVDC System
The HVDC system can be represented in terms of a T-model
as shown in Fig. 2. The linearisation of the dynamic equations
for the HVDC system including the constant current (CC)
controller of rectifier, yields equations (12), (13) and (14). The
CC controller has a phase-locked loop (PLL) associated to it,
which provides a more stable operation [10]. The phase lag
resulting from PLL is represented by αPLL. The dynamics of
CC and PLL are depicted in Fig. 3.
Δẋhvdc = [Ahvdc]Δxhvdc + [Bhvdc1]Δuhvdc1
+[Bhvdc2]Δuhvdc2 + [Bhvdc3]Δuhvdc3(12)
Δyhvdc1 = [Chvdc1]Δxhvdc + [Dhvdc11]Δuhvdc1
+[Dhvdc12]Δuhvdc2 (13)
Δyhvdc2 = [Chvdc2]Δxhvdc + [Dhvdc21]Δuhvdc1
+[Dhvdc23]Δuhvdc3 (14)
where, Δxhvdc = [ΔIdcr ΔIdci ΔVdcm ΔαCCI ΔθPLL]T ,
Δuhvdc1 = [ΔIord Δγ]T , Δuhvdc2 = [ΔVacr ΔθV acr]T ,
Δuhvdc3 = [ΔVaci ΔθV aci]T , Δyhvdc1 = [ΔIacr ΔθIacr]T ,
Δyhvdc2 = [ΔIaci ΔθIaci]T , Ahvdc, Bhvdc, Chvdc and Dhvdc
are the state, control or input, output and feedforward matrices
respectively for the HVDC system. Idc is the direct current,
Vdcm is the DC voltage on the dc line, αCCI is the rectifier
angle output from the integral controller, θPLL is the PLL
output angle, Iord is the reference current, γ is the inverter
extinction advance angle, Vac and θV ac are the AC line-to-
line voltages and the phasor associated at the converter bus,
Iac and θIac are the AC line current flowing through the
converter transformer and its associated phasor, subscripts r
and i represent rectifier and inverter respectively.
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Fig. 2. HVDC System
pK
+
–
Iord
Idcr s
Ki
CCP
CCI
CC
–
+
PLL Dynamics
Eacr
PLL
PLL
Current
Controller
Phase-locked
Loop (PLL)
Fig. 3. Converter Control
E. Interface Between AC and DC Systems
The linearised state space model for each subsystem has
been represented individually as shown in subsections III-A,
III-B, III-C and III-D. The linearised representation of the
ac-dc interaction equations, as in equations (15) and (16),
highlights the small-signal inter-relationship between ac and
dc systems as shown below:
ΔIacr =
√
6
π
BrTrΔIdcr (15)
Δφacr = − XcrIdcr0√
2TrV 2acr0sin(φacr0)
ΔVacr + (16)
sin(α0)
sin(φacr0)
Δα+
Xcr√
2TrVacr0sin(φacr0)
ΔIdcr
Since each subsystem is represented in a different reference
frame, it is important to transform all the variables into
common reference frame before the integration of different
subsystems. The linearised transformation between variables
in DQ reference frame and polar coordinates is shown in
equation (17).[
ΔfD
ΔfQ
]
=
[
sinθfac0 fac0cosθfac0
cosθfac0 −fac0sinθfac0
] [
Δfac
Δθfac
]
(17)
The linearised transformation from synchronously rotat-
ing reference frame to rotor reference frame is expressed
in equation (18) [11]. The relationship among variables in
rotor, synchronous reference frames and polar coordinates is
illustrated in Fig. 4.[
Δfd
Δfq
]
=
[
cosδ0 sinδ0
−sinδ0 cosδ0
] [
ΔfD
ΔfQ
]
+
[
Δfq0
−Δfd0
]
Δδ (18)
fd
fD
fq
fQ
r
D
Q
d
q
fac
fac
Fig. 4. Phasor diagram of the relationship among variables in dq, DQ
reference frames and polar coordinates
IV. SIMULATION RESULTS
A hydroelectric TG unit connected to a HVDC system
as shown in Fig. 5 is used as the study system for small
signal stability analysis. This study system comprises of a
500 kV, 1000 MW monopolar DC link and a 1210 MVA
hydroelectric system. The HVDC system is represented by the
CIGRE first HVDC benchmark model. It is assumed that the
rectifier operates at constant current (CC) control mode whilst
the inverter operates at constant extinction angle (CEA) control
mode.
The hydroelectric unit on the rectifier ac side composes of
turbine-generator, governor, excitation system, power system
stabiliser (PSS) and shaft system. The overall system com-
prises of 30 state variables.
Analytical methodologies, such as eigenanalysis, participa-
tion factor and sensitivity analyses, are utilised to investigate
the interaction behaviour between the hydroelectric unit and
the dynamics and control of HVDC system. The consequences
of different operating conditions, such as active and reactive
power variations, as well as the variations of generator-to-
turbine inertia ratio n and the changes of HVDC constant
current controller parameters Kp and Ki on small-signal
stability are investigated in this paper.
Turbine
Hydro
Generator
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Fig. 5. A Hydro Turbine-Generator Unit Interconnected to CIGRE First
HVDC Benchmark Model
A. Eigenvalue and Participation Factor Analyses for Initial
Operating Condition
This subsection reveals the eigenvalues of each subsystem
individually and for an interconnected system at an initial
operating condition. The eigenvalue analysis distinctively al-
lows the investigation of how each power system component
influences the overall system eigenvalues. Tables I and II
shows the eigenvalues of hydroelectric unit and HVDC system
independently. The eigenvalue modes 5 and 6 of hydroelectric
unit are the local plant mode of oscillation, which has an
oscillation frequency of 2.0475 Hz and a damping ratio of
0.0699. The modes 1, 2 and 3, 4 in Table II represent the
dynamics of the HVDC link while mode 5 represents the time
constant of the PLL.
Some of the selective eigenvalues for the integrated system
are shown in Table III. Modes 12 and 13 are the torsional
modes of the hydroelectric unit, and they are critically damped
but are generally stable. This corresponds to a hydroelectric
system with generator-to-turbine inertia ratio n of 10. Such
torsional modes have an oscillation frequency of 6.22 Hz.
TABLE I
EIGENVALUES OF HYDROELECTRIC UNIT
Mode Real(λ) Imag(λ) f (Hz) Damping ratio, σ
1,2 -12.49 ± j313.49 49.8935 0.0398
3 -50.09 j0.00 0.00 1.0000
4 -47.10 j0.00 0.00 1.0000
5,6 -0.90 ± j12.86 2.0475 0.0699
7 -0.55 j0.00 0.00 1.0000
TABLE II
EIGENVALUES OF HVDC SYSTEM
Mode Real(λ) Imag(λ) f (Hz) Damping ratio, σ
1,2 -38.23 ± j346.91 55.2129 0.1095
3,4 -35.08 ± j69.47 11.0568 0.4507
5 -25.00 j0.00 0.00 1.0000
TABLE III
SELECTIVE EIGENVALUES OF THE INTERCONNECTED SYSTEM
Mode Real(λ) Imag(λ) f (Hz) Damping ratio, σ
1 -1.000 j0.0 0.00 1.000
2,3 -13.854 ± j2292.5 364.86 0.006
4,5 -16.980 ± j1607.0 255.76 0.011
6,7 -38.275 ± j346.8 55.20 0.110
8 -111.396 j0.0 0.00 1.000
9,10 -35.146 ± j69.5 11.06 0.451
11 -52.430 j0.0 0.00 1.000
12,13 -0.000 ± j39.1 6.22 0.000
14 -36.698 j0.0 0.00 1.000
15 -34.392 j0.0 0.00 1.000
16,17 -13.133 ± j14.7 2.35 0.665
18 -28.515 j0.0 0.00 1.000
19 -29.412 j0.0 0.00 1.000
20 -25.000 j0.0 0.00 1.000
Figs. 6, 7 and 8 shows the participation factor analysis
on hydroelectric unit, HVDC system and the overall system
respectively. This analysis reveals the relative involvements
of the respective states in the corresponding modes. The
participation factor analysis on the overall system as seen in
Fig. 8 shows that state variables 24 and 25 contributes the most
onto mode 20 associated with the exciter. The next highest
contribution is from state variable 24 onto mode 3 associated
with the hydro unit. State variables 24 and 25 are voltage
variables of PSS. This suggests that PSS has a considerable
effects onto modes 3 and 20.
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Fig. 8. Participation factor analysis on overall system
B. Sensitivity Analysis for Different Operating Conditions
Different operating conditions have considerable effects on
system small-signal stability. In reality, small disturbances
always occur in a power system, such as small variations
of load and generation. Thus, it is important to investigate
the influence of system operating conditions on the overall
small-signal stability. In this study, the system is subjected to
active (P ) and reactive power (Q) changes and system least
stable modes will be used as an indicator for stability. Two
cases have been considered: isolated hydroelectric system and
interconnected hydroelectric system with HVDC system.
Simulation results for influence of PQ variations on system
small-signal stability for isolated and interconnected oper-
ations are shown in Figs. 9 and Fig. 10 respectively. In
an isolated operation, the local plant mode (swing mode)
oscillations are used as the stability indicator. The torsional
modes are used as the stability indicator for interconnected
operation as they appears to be the critical modes in the
system. It is observed in Fig. 9 that the swing mode is not
affected substantially by the PQ variations. It is well-damped
for both leading and lagging power factor conditions. However,
the swing mode frequency increases slightly for an increment
of active power. On the contrary, the critical modes of the
overall system are sensitive to the PQ changes as seen in Fig.
10. For low P injection into the system, it is more susceptible
to instability due to insufficient damping and the negative
damping introduced by HVDC converter controls. Increase in
Q may result in instability.
The torsional modes of the system appear to be system
critical mode. Damping controller can be designed based on
the information provided on system oscillatory modes, and
incorporated to provide more damping into the system.
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C. Effects of Different Generator-to-Turbine Inertia Ratio
It has been demonstrated in the earlier studies [12] that
the hydro units with a low generator-to-turbine inertia ratio
n would experience SSTI problem, which is due to the lack
of damping at the torsional frequency fn. This subsection
illustrates the consequences of n variation on the small-signal
stability. In this study, generator inertia Hgen is 3.0 sec and
remains the same for all n values. It is the turbine inertia Htur
that varies throughout the studies. Fig. 11 shows that with an
increasing value of n, torsional modes tend to shift more to
the stable region. However, at n = 30, the damping begins
to reduce (indicated by the reduction of torsional modes real
part). The increment of n does improve the damping of the
torsional modes. The simulation results also indicate that the
hydro unit connected in the close vicinity of the HVDC system
can possibly experience SSTI problem as the torsional modes
for the integrated system have relatively low damping due to
the negative damping introduced by CC controller. This can
be evidently seen in Table IV.
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Fig. 11. Torsional modes of the hydroelectric unit subject to variation of
generator-to-turbine inertia ratio (n)
TABLE IV
SYSTEM TORSIONAL MODES FOR DIFFERENT GENERATOR-TO-TURBINE
INERTIA RATIO (n)
n Real(λ) Imag(λ) f (Hz) Damping ratio, σ
2 6.9907e-4 ± j20.404 3.247 -3.4261e-5
5 1.7341e-4 ± j28.862 4.594 -6.0082e-6
10 -6.2582e-6 ± j39.080 6.220 1.6014e-7
20 -7.0500e-5 ± j54.000 8.594 1.3056e-6
30 -7.5738e-5 ± j65.609 10.442 1.1544e-6
40 -7.0400e-5 ± j75.450 12.008 9.3307e-7
50 -6.2438e-5 ± j84.153 13.393 7.4196e-7
D. Effects of Constant Current Controller Parameters
The level and the frequency range of negative damping for
the ac-dc system are dependent on the value of the firing
angle [12]. Thus, the variation of HVDC constant current
controller parameters, Kp and Ki on small-signal stability are
also examined in the paper. Fig. 12 shows the trajectory of the
critical system mode, which is identified as the torsional mode,
subject to the variation of HVDC constant current controller
parameters Kp and Ki at rectifier side. It is observed that the
damping of the system critical mode can be improved utilising
a low value of Kp and Ki. The mode has less damping with
an increment value of Kp. It is seen in Fig. 12(b) that with
Kp less than 8.5, all values of Ki ranged from 10 - 100 will
result in a stable system.
V. CONCLUSIONS
This paper presents linearised small-signal dynamic models
of hydroelectric system connected to a HVDC system. The
eigenvalue analysis has been used as an analytical technique
for small signal stability analysis of a sample hydroelectric
system connected to CIGRE first HVDC benchmark model.
The dynamic system response for different operating condi-
tions, generator-to-turbine inertia ratio and HVDC constant
current controller parameters has been investigated. The modal
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Fig. 12. Critical mode of overall system subject to constant current PI
controller variation
analysis for varying P and Q generation demonstrates that
the swing mode of the isolated hydro operation does not
get affected substantially. On the contrary, the critical modes
of the integrated system, identified as torsional modes, are
sensitive to the PQ variations and HVDC constant current
controller parameters. It has also been demonstrated that the
hydro units with low generator-to-turbine inertia ratio may
experience SSTI problem due to dominant negative damping
imposed by HVDC converter controls.
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